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TOEPLITZ OPERATORS AND
WEIGHTED WIENER-HOPF OPERATORS,
PSEUDOCONVEX REINHARDT AND TUBE DOMAINS

NORBERTO SALINAS

ABSTRACT. The notion of weighted Wiener-Hopf operators is introduced. Their
relationship with Toeplitz operators acting on the space of holomorphic func-
tions which are square integrable with respect to a given “symmetric” measure
is discussed. The groupoid approach is used in order to present a general pro-
gram for studying the C*-algebra generated by weighted Wiener-Hopf operators
associated with a solid cone of a second countable locally compact Hausdorff
group. This is applied to the case when the group is the dual of a connected
locally compact abelian Lie group and the measure is “well behaved” in order to
produce a geometric groupoid which is independent of the representation. The
notion of a Reinhardt-tube domain Q appears thus naturally, and a decompo-
sition series of the corresponding C*-algebra is presented in terms of groupoid
C*-algebras associated with various parts of the boundary of the domain Q.

1. INTRODUCTION

Our purpose in this note is to call attention to an important connection be-
tween Toeplitz operators acting on the subspace of square integrable holomor-
phic functions with respect to a symmetric measure supported on a (symmetric)

domain Q C C" and weighted Wiener-Hopf operators on the dual set Q. In
the present paper we consider, in particular, two types of symmetric domains:
(a) Reinhardt domains (which are domains invariant under the action of the
n-torus T" by coordinatewise multiplication), and (b) tube domains (which are
domains invariant under the R” translations in the imaginary direction). We
also consider (c) Reinhardt-tube domains (which are domains of mixed type).

The above relationship between Toeplitz operators and weighted Wiener-
Hopf operators is specially relevant when studying the structure of the C*-
algebras generated by such operators. More general symmetries are considered
in [20] based on generalized Reinhardt domains [1], where analogous structure
properties of the corresponding C*-algebras are studied.

We also present a general program exploiting a useful technique (already
present in the literature for some particular cases, see [11, 4, 19]) based on
groupoids, to investigate the properties of the C*-algebra generated by weighted
Wiener-Hopf operators on certain semigroups (that we call cones) of a locally
compact second countable Hausdorff group. We construct a groupoid Z so that
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the Wiener-Hopf C*-algebra associated with the cone I' and weight function
o is a natural subalgebra of C,(¥).

The groupoid approach to study C*-algebras was formally introduced in [16],
and is very helpful in finding decomposition series of a C*-algebra in terms of
various reductions of the groupoid. Our final task is to suggest, under mild
assumptions on the measure supported on the closure of the domain Q (what
we call well behaved measures), a technique that produces a groupoid Z(Q)
and that relates such reductions of & to 9Q. In fact, we present a suitable
parameterization of the groupoid Z(Q) that takes into account the boundary
geometry of the domain Q. Here is where pseudoconvexity of Q enters suc-
cessfully into the picture. This connection was already observed in [19] for the
case in which the measure was the volume Lebesgue measure on a bounded
complete Reinhardt domain. More recently, extensions of the results of [19]
were announced in [3], for the case of well behaved radial measures supported
on the same kind of domains.

The organization of the paper is as follows: in §2, we introduce some termi-
nology and consider the case of pseudoconvex Reinhardt bounded (connected)
domains Q. As an important typical example, we discuss the generalized Har-
togs wedge. Then, under a natural assumption on the Reinhardt measure u
supported on a more general domain €, we prove that the structure of the
corresponding Toeplitz C*-algebra over Q depends only on the boundary ge-
ometry of Q, and we extend to arbitrary pseudoconvex Reinhardt domains
Q C C?, results obtained in [19, 22]. Some of these results are also extended to
subsets of C". In §3, we present the case of pseudoconvex tube domains Q.
We conjecture that this corresponding Wiener-Hopf C*-algebra is always type
I. A positive answer to this conjecture would extend the result for unweighted
Wiener-Hopf C*-algebras on polyhedral cones obtained in [11]. Finally, in
84, we describe a general procedure for studying the C*-algebra generated by
weighted Wiener-Hopf operators on a cone I' of a second countable locally
compact Hausdorff group G, where the weight function is a quasidecreasing
strictly positive Borel function on I". We apply these techniques to the case in
which G is the dual of a connected locally compact abelian Lie group, i.e., a
group of the form Z™ x R" (see [6, Appendix B25]). Here is where pseudo-
convex Reinhardt-tube domains enter in our discussion. With these types of
domains, we unify the results obtained in [4, 11, 19].

2. PSEUDOCONVEX REINHARDT DOMAINS

Throughout this section, Q will denote a bounded pseudoconvex Reinhardt
(connected) domain. We recall that Q is called a Reinhardt domain (see [7,
§2.4, and 15]) when given any two n-tuples z = (z;,...,2,) € Q and ¢t =
(ty,...,ty) € T", the n-tuple (t,zy,...,tyz,) isin Q. The domain Q is
pseudoconvex (or a domain of holomorphy) when it is logarithmically convex,
i.e., when the domain

Log(Qy) ={x=(x1,...,xn) € R": Exp(x) = (™, ..., ") € Q},

is convex in R”, where Q, = QN R?. A Reinhardt domain Q is called
complete if given z € Q, the whole polydisk with center at the origin and
multiradius (|zy], ..., |zx|) is contained in Q. A pseudoconvex Reinhardt
domain Q contains the origin if and only if it is complete. We present below the
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example of the generalized Hartogs wedge which is a pseudoconvex Reinhardt
domain that contains the origin in its boundary (and therefore is not complete).

We let B2(Q) denote the Bergman space (of holomorphic functions) in
L?(Q) which is the standard Hilbert space of square-integrable functions on
Q with respect to volume Lebesgue measure dV .

The unital C*-algebra C*(7z) generated by the n-tuple 77, where Z =
(Z1, ..., Zy) is the n-tuple of coordinate functions Z;: Q - C, 1< j<n,
acting on B%(Q) coincides with the C*-algebra generated by Toeplitz operators
T, with continuous symbol ¢ on Q (this is an immediate consequence of the

Stone-Weierstrass theorem and the compactness of Q).
One of the important features of Reinhardt domains is that the set

(1) {2/ =z, ..., Z) e Q)

constitutes an orthogonal basis for B%(Q). We denote by Bg by the set of
multi-indices corresponding to the above basis 1. Let

() To={ueZ": Z¢c H(Q)}.

It is obvious that I'q C Bg and that Bq is an invariant subset of Z" under
translations by elements of I' .

From (2), it follows that, for each u € I'q, the Toeplitz operator Tz. is
bounded on B2(QQ) and can be expressed as a weighted shift operator on the
orthonormal basis given by

ZI/

3 E,(z)=-——, VvEBg, z€Q,
() ()= 1521 o

with weight sequence
(4) wy(v) = |Z*|/1Z"), neTq, veBq.

In studying the spectral and C*-algebraic properties of Tz, it is obviously
enough to assume, after a suitable scaie dilation (a diagonal expansion and/or
contraction), that Q is contained in the unit polydisk D", and that Q. NoD”?
is maximal. Geometrically, this condition means that the closure of the convex
set Log(Q2,) touches (perhaps tangentially) all the coordinate hyperplanes of
the negative orthant R” . We make this normalizing assumption throughout
the rest of the present section. Observe that we then have Z7 C I'g . Moreover,
there are certain geometrical properties related to Bg and I' that will become
apparent once we introduce the following terminology: let

n
B}, = {pek": [Tz eLZ(Q)},

J=1

J=1

I, = {a eR": [[1Z,|7 € L°°(Q)}.

Obviously, Bo = BoNZ",and I'q =T, NZ".

Lemma 2.1. The sets By, and T'yy are convex, and T, is a cone whose closure
coincides with conv(I'g).
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Proof. The fact that Iy, is a convex cone whose closure is solid is an immediate
consequence of the definition. Suppose that p and ¢ arein Bg,andlet a >0,
b > 0 be such that a+ b = 1. Then, by Holder’s inequality, we have

/ |22ap+2ba| dV(Z) — (27()"/ r2apr2barn dV(r)
Q

+

< (2n)" (/Q r2”r”dV(r)>a </Q+ r¥opm dV(r))b <co. O

Given a set 4 C R” such that the origin is not in the interior of the convex

hull conv(A4), let con(A) be the cone in R” generated by 4. Also, let A be
the dual cone of 4, i.e.,

(5) 2={xeR”:(x,y)>0, Vy € A}.
Observe that 4 = m . It is now easy to check that
(*) x € Log(Q;) & kxe€Log,), k=1,2,...,
if and only if

—_ —_— T —
(6) I'a = (-Log()).

Furthermore, condition (x) is also equivalent to the following:
con(Log(€2;)) is a cone that contains no lines, and all the (half)rays
in the boundary of con(Log(2,)) are tangent to Log(2,) at co.

Thus, condition () is satisfied when Q is a complete (normalized pseudo-
convex) Reinhardt domain. In this case, {z € C": []}_,z; = 0} C Q, and
I'q = Z1 . On the other hand, a Reinhardt domain Q such that Log(2,) is
bounded does not satisfy (). In this case QN{z € C": [[}_, z; =0} = @ and
Iq=272".

Lemma 2.2. Let 1 denote the multi-index 1 = (1, ..., 1), and assume that
condition (x) is satisfied. Then, 1+ By C T, .

Proof. Assume that p € Bg,. Then

2o = @y [ e avin

+

- 2n)" / 2PN 4V (x) < 00
Log(€2)

If (p+1,y) >0 for some y € Log(2,), then the same property holds for
every vector in a (small) open cone C symmetric around y . This implies that

/ eXPHLX) YV (x) = 00,
CNLog(Q2)

. i /\
which contradicts p € B;. We deduce that p + 1 € (-Log(Q,)). From
condition (x), we conclude that p +1 € T, , as desired. O

We shall see below a simple example where the inclusion in the above lemma
becomes an equality. Such an inclusion together with the obvious inclusion
Iy, € B, implies that I'g is the largest cone in Z" for which Bgq is an invariant
set.
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Lemma 2.3. The weight function
o) =|Z"|,  ve€Baq,
w(v) =0, v € Z"\Bq,
is a nonnegative function whose support is Bq and satisfies
oy +v)
) vehy (V)
Furthermore, if Q satisfies condition (x), then {(u) =1, Yu € I'q (in other
words, w is decreasing on Bq with respect to the partial order induced by T'q).

Proof. The first estimate is a consequence of the definitions of I'q (see (2))
and Bg, where {(u) = || Z#||, 4 € I'q. Now, if Q satisfies condition (x),
it follows, from the proof of the previous lemma, that ||Z#||, =1, p € I'g.
This completes the proof of the last assertion. O

=({(u) <oo, Vuelq.

Remark 2.4. (a) An immediate consequence of the above lemma is that, in
the case that Q satisfies condition (x), the operators Tz., v € I'g, are all
contractions.

(b) In general, we have

1Tzsll = 1Z¥]loc = {(v),  meTq.
(See the proof of Theorem 2.17.) Let /?(w) be the Hilbert space of square-
summable sequences {g,: v € Z"} with weight sequence w, i.c., g € [*(w) if

and only if

Y &)= ) lg)Pwt(v) < .

vezZr VvEBq
Likewise, let /!({) be the Banach space of summable sequences with weight
sequence

w(p+v)
= sup —————,
(=50 " ew)
u)=0, u¢lq.
It readily follows that /!({) is actually a Banach algebra under (standard) convo-
lution. Indeed, first observe that { has the following submultiplicative property

uelq,

(8) C(u) <LAL(u—4), Vu,A,u-4eTlqg.
To prove this, we recall that
(9) (= sup —2)

v—u€Bq w(y - lu) )
Therefore, for every A € I'g,v —u € I'q, we have w(A+v — u)/w(v — p)
< {(A). Also, if v —u € Bg, u,A, u— A4 € I'q (so that v € Bg), we
have w(v)/w(A+ v — u) < {(u —A). Thus, by dividing and multiplying by
wA+v—pu), u, A, u—A€elq, v—ue€ Bg on the right-hand side of (9), we
obtain (8), as claimed. Now, let ¢, w € ['({). Then

g wlic= D 16 wmll(n)

uelq

SIS W GICTPEPNIPEY

u€llig A€l
< ol cllwlly,c-
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(c) Following the ideas in [23], we can regard the operators 7. as either
weighted shifts on a standard /2-space, or unweighted shifts on a weighted /2-
space. This latter point of view is the most suitable to define more general
Wiener-Hopf operators.

Given ¢ € ['({), (so that supp(¢) C I'q) we define the Wiener-Hopf opera-
tor W, with symbol ¢, on /2(w), by

(10) (Wsg) (1) = ¢+ g(v }_‘,¢

(11) g€l (w), I/EBQ.

In other words, W, is defined as the unweighted convolution on /?(w). (Note
that /2(w) can be considered as a space of functions supported on Bgq.) It is
straightforward to check that W, is a bounded operator. Indeed,

2
Z¢>
2
<y [Z 6L (V)] g(u —v)|w( - v)}
v u

2 2
<ol cN8lz, 0

If ¢, denotes the sequence which is the Dirac mass at u € I'q, then ¢, € I'({),
and it is immediate that W, coincides with the unweighted forward shift S, ,

defined on /%(w), by

(12) (Su8)(v)=gv—-u), veBaq.

In other words, W, is unitarily equivalent to 7z., u € I'q. It is natural
then to define the weighted Wiener-Hopf C*-algebra 7 (w) as the C*-algebra
generated by Wy, ¢ € I'({). When the weight function ® is constant, i.e.,
the (unweighted) standard case, 77 (w) coincides with the usual definition (in
this case W can be defined for any ¢ in /!(Z")). This is the C*-algebra
considered in [13].

(d) If w is computed using the norm in B2(Q) as above, then it follows
from our previous discussion, 7# (w) is unitarily equivalent to the Toeplitz
C*-algebra C*({Tz«: u € T'q}), so that C*(Tz) is unitarily equivalent to a
natural subalgebra of 7 (w).

Our next step in trying to describe the structure of C*(77) is to associate
to @ an appropriate groupoid & so that 7 (w) becomes a natural subal-
gebra of C,(¥) (which, in this case, is isomorphic to C*(£)). By finding
a convenient dissection of & we will then be able to find a decomposition
(groupoid-C*-algebra) series for 7 (w). We illustrate our procedure with an
important example.

IWs8ll3. = Zw (v)

Remark 2.5. The example of the generalized Hartogs wedge.
(a) The definition. Given 0 < f < a < oc, let

Qu.p={(z,w) € C: |z]* < |w| < |z]%, |w| < 1}.

When o =1, f = 0, we obtain the classical Hartogs wedge (or triangle, see

[9D).
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(b) Geometrical properties. Observe that Q, g is always pseudoconvex. In
fact, Log(Q,,4,) is the wedge in the third quadrant R% consisting of the region
between the half lines of slopes o and B, respectively. Notice that Q, 4 is the
simplest example of a pseudoconvex Reinhardt domain which is not complete
and satisfies condition (x).

(c) Spectral picture. From [19, Theorem 1.3], it follows that

0(Tz) =Q, 3, 0e(Tz) = 0% 5,

where o(Tz) and 0.(Tz) denote the joint (Taylor) spectrum and the joint
(Taylor) essential spectrum of T, respectively. One can also check that the
polynomial convex hull (and even the Stein-hull [15]) of m coincides with
the closure of the (open) unit polydisk D?. In particular, this implies that T
is not analytically cyclic on B?(Q, ;) (in the sense of [5]).

(d) The weight sequence. One can readily compute the following values for
the weight sequence {w(v): v = (v, 1n) € Bqg, ,}:

P

! 1
w*(v) = ||2°|? = (27:)2/ rr dry / r2rydry
0 r

_ n*(a— B)
S +vi+a(l+w)lll+v + B(1+12)]°
l+vi+a(l+1)>0, 1+v1+ (1 +v;)>0.

Thus, B;,aﬂz{peRZ: 1+ p+a(l+p) >0, 1+ p;+ B(1+py) >0} and
I"’QM ={0 €R?: 0, +a0, >0, g, + fo, > 0}, and hence l";)a,ﬂ =1+Bg .

Definition 2.6. Let now Q be an arbitrary pseudoconvex (bounded) Reinhardt
domain in C?. We continue using the notation introduced previously. Follow-
ing the pattern of [4, 19], let & be the C*-subalgebra of />°(Z2) generated by
right Z2-translates Tr of the functions

O+ v)x, (V)

(13) wu(v) = ZEE

s ﬂGFQ,VEZz.

These functions are well defined because

supp(w(u ++)) C supp(w(:)), VueTlqg.

(Notice that (13) extends to Z? the weight sequences defined in (4).) Let X
be the maximal ideal space of % . Also, let 7: Z? — X be the map induced by
evaluation, i.e.,

(14) t(A)(Trywy) = wy (1 +4),
(15) A, uez?, velg.

(Then Ran(t) is dense in X , and there is a natural action of Z2 on X.) We let
X, be the closure of 7(I'g), and we let & be the groupoid obtained by reducing
the transformation group X x Z? (with the canonical left Haar-systems) to X, ,
ie.

(16) =X x2)x, .
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Remark 2.7. 1t is easy to see that Z C C*(Z) (see Remark 2.10 below). In
fact, Z is x-isomorphic to the C*-algebra of the reduction groupoid ;r,).
Thus, to study C*(Z), we need only consider C*[(X x Zz)|a x,], where 90X, =
X;:\1(I'q) . Before we proceed now, we need to introduce a compactification of

R? implicitly used in [19]. This is a regular compactification of R? in the sense
of [11].

Definition 2.8. Let Y be the set Y = R?> UOR?, where
OR? ={(u,y):u=(u;,u) €T, y e Ru'},

where ut = (—uy, u)), T={x € R%: x| = 1}, and R = {-c0} URU {o0}.
We need only specify the topology of Y on the (boundary) set OR?. Given a
pair (4, y) € OR?, y € Rut, a neighborhood of (u, y) is the union of two
sets of the form

1
%={zek2:nzu>;,

z 1y,,L }
u——I\ <e, lly-{(z,uu-||<ey,
il < iy - gz uthuy

Z;={(v,x) €0R*: Ju-v|<e, ||x—y| <e}.

If y = +ooul, then a neighborhood of (u, y) is the union of two sets of the
form

1
%={zeR2:uzn>;,

z n 1

u-—J\l<e, (z,ut)>=,

ol < e >
<z,ul>=i|<z,ul>|},

+ut — “ < s}
[lx |l

(Notice that R? isdensein Y .) Let Y, be the closure of I'q in Y (of course,
Y, is then compact and Hausdorff).

%, = {(v,x)ec’)Rz: lu-v||<e, |Ix|| > %,

As we shall see in the next lemma, 7 is injective on I'g so that X, isa
regular compactification of I'g. We shall also see that C*(Z) is *-isomorphic
to the C*-algebra generated by the unweighted forward shifts on /2(Bg) and
the multiplication operators by w, , v € I'q (see Remark 2.10 below). This
will not make use of the hypothesis that T is jointly bounded below (as was
done in [4, Theorem 2.5]).

Lemma 2.9. The map t|r, is injective and extends to a continuous surjection
Y, — X,

Proof. We recall that the square of w,(u): v € I'g, u € Bg is the 2vth
momentum of the regular Borel probability measure on Q, given by

r2(++D) d(Log(r))
dm(u)(r) = J, 7w+ d(Log(r))

On the logarithmic domain, the above measures have the following expression

2u+1, x)
(17) Log(dm(u))( e M dx

f]_o e2(ﬂ+1,x) dx :
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From (15) and (17), it is clear that 7 is injective on I'g, and the first assertion

follows. We next define the extension . Observe that
oY, =Y \I'a={(u,y) €dR*: ucTnT,, (v, u) e {(Tq, ul)}}.

Let (u,y) € 8Y, . Then there exists {4} C I'q, such that (¥, y) =lim4; in
Y, . This means that limA,/||A¢|| = v and lim(4, u*)ut = y. A very similar
argument to the one given in [19, Proposition 3.2], proves that the sequence
of measures Log(dm(A;)) converges *-weakly to a limit Log(dm(u, y)) that
depends only on (u, y). Indeed, let F, be the face of the convex set C =
Log(Q2,) determined by u as the outer normal of C at points of F,. If
F, is reduced to a point P € 8C (i.e., P is an extreme point of C), then
Log(dm(u, y)) is the Dirac mass at P, and hence it does not depend on y.
Of course, in this case, there may be more than one u that corresponds to the
same limit (for example, if P is a sharp vertex of C). If F, is one-dimensional
but y = toout, then again Log(dm(u, y)) is the Dirac mass at P, where P
is one of the extreme points of F,. If we orient dC positively, then, as we
travel throughout dC in the positive direction, P is the first extreme point P_
of F, if y = —oou', and it is the second extreme point P, if y = oout. If
|y| < o0, then
2+, ut)x dmp(x)
fF e2{y+1,ut)x de(x) ’

where dmp is the linear Lebesgue measure on F = F, . It follows now easily
(just as in [19, Proposition 3.2]) from (15) that, if either F, is an extreme
point P of C = Log(LQ,), or if F, is one-dimensional but |y| = oo (so that
(u, y) also corresponds to an extreme point P of C), then (#(u, y))(Tr, w,) =
Exp((v, P)) for every y € Ru* and every u € Z?. On the other hand, if F, is
one-dimensional and |y| < co, thenfor v €Tq, u€ 22, (y+u+v+1,ut) #
0,and (y+ u, ut) is the closure of the projection of I'q onto Ru', we have
(18)

Log(dm(u, y)) =

2(y+1+,u+u,ul)xd
. 2 _ fpe mF(X)
[(t(u’ y))(Trll wu)] - fp 62(#+y+1’ul)xde(X)

Y+1+u, uJ.) e2(y+l+,u+u,u*)(u* P 62(y+l+u+u,u*)(u* JP_)

Y+1+pu+v,ut) e2+l+u,ub)(ut P) _ o2(y+1+u,ut)(ut, P-)

b

where P, and P_ are the extreme points of F, as above. From (18) we see
that % is continuous (see the proof of [19, Lemma 3.3]). In order to prove
surjectivity, let x € 0X,; = X;\1(I'q) . Then there exists {4,} C I'q such that
lim t(4;) = x . By dropping to a subsequence, if necessary, we can assume that
. A )
lim || A || = oo, hmﬁ =u, lim{i,ubut=y,
k

for some u € T, y € Rut. But, then #(u, y) = x, as desired. O

Remark 2.10. (a) Now we turn our attention to groupoid C*-algebras. It follows
readily that the transformation group C*-algebra C*(X x Z?) is isomorphic to
the C*-algebra generated by the translation (bilateral shift) operators {V,: u €
Z?}, and the diagonal operators of weight sequence {w,: v € Iq} (of (13), all
acting on .Z(1*(Z2?)).
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(b) Let U, be the unilateral shift consisting of the restriction to . (/?(Bg))
of ¥, ver, - Also, let D, be the diagonal operator on .Z(/?(Bg)) with weight
sequence given by (4), v € I'q. It follows easily that C},(¥) is isomorphic
to the C*-algebra generated by {(U,, D,): v € I'q}. Notice that C;,(¥) ~
C*(%) in our case, because & is amenable [11, §2]. Therefore, since

W¢I/=U1/DI/:SU:TZ"$ velg,

we conclude that 7 (w) is isomorphic to a natural subalgebra of C*(¥),
namely C*({U,D,:v €Tq}).

(c) Assume now that Q C C", and let U, be the n-tuple of shifts U, where
v runs through the n multi-indices in Z’} of modulus 1 (i.e., corresponding to
shifting in each coordinate). We claim that C*(U;) = C*({U,: v € T'q}). Since
Z% CTI'q, in order to prove this claim it is enough to show that U, € C*(U;)
for a given v € I'q. Let k,4 € Z, such that v = k — A. Then, we have
U, U, = Uy, = Ue. But, U, is an isometry (because Bq is invariant under
translations of elements in I'g), so

U, = Uy U, = (U)*UY,
as desired. An immediate consequence of the above claim is that
C*{(U,, D)): v eTq})=C*(U;, {D,: v elg}).

Let D, be the n-tuple of diagonal operators D, , where v runs over the multi-
indices of modulus 1 in Z . By the canonical representation of

C*{Tz:velg}) 2% (w),

we deduce that 7, = U,D, (the product here is componentwise) is the po-
lar decomposition of 7. Therefore, C*(T7) is also isomorphic to a natural
subalgebra of C*(%).

In order to describe a good parameterization of the groupoid & that allows
us to perform surgery on X, , we shall define a compact Hausdorff space Z,
(which is naturally related to the geometry of 9 Log(€2,)) and amap ¢g: 8Y, =
Y. \I'q — Z, such that 7 is constant exactly where g is constant, so that the
map %: Z, — 00X, induced by 7 is covariant and injective, i.e., a covariant
homeomorphism.

Remark 2.11. We consider again the example of the Hartogs wedge, to illustrate
our methods. If Q =Q, g, then 18 reduces to the following. Let

ﬂEZZa I/EFQ, (u,y)€Y+.
If ueint(l'g ﬂ) , then

[(F(u, y))(Try, w,,)]2 =1, y € Rut.
(This is because Log(dm(u, y)) is the Dirac mass at the vertex (0, 0) of the
cone Log(Q, p,).) If
U=1u, = o, -1

- He (1+a2)1/2°
then we have
- +1+4+pu,ut
[(3(u, ) (Tryw, ) = LR )

, +1+4p,ut)>0,
(y+1+pu+v,ut) b wou)

(T(u, ) (Tryw,) =0, y+1+u,ut)<0.
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On the other hand, if

(Y
then we have
(y+1+p,ut)

[(E(u, »))(Try w,))* = Grirutr, )’ y+1+u,ut)<0,

(#(u, y))(Tryw,) =0, (y+1+4u,ut)>0.

Thus, our candidate for the set Z, is the disjoint union of the vertex V' of
the cone Log(Q;), and the closure of the projections of I'q onto Rul (ie.,
[0, co)uy if e is irrational), and onto RuzR (ie., (oo, OJug if B is irra-
tional). Let .# be the commutator ideal of C*(Z). Then we have

C*(&ly) = C*(@)/F =~ C(T?,
C*&lz\y) 2 F | H ~ S FF,

where %, and #F ~ 3 are groupoid C*-algebras described as follows. Given
areal number y,let 2 be the closure in R of the subgroup {m+yn: (m, n) €
Z?} (sothatif y isirrational, then 2° = R). Also, let Z®’Z? and Z'®,Z* be
the transformation group spaces obtained by the actions of Z? on 2 defined
by (x,m,n) - x—m—yn and (x, m, n) » x + m + yn, respectively. Let

G =(Z @ L)\2r0,00), &7 =(Z & L)\ 2n(~c0,0)5

then .%, and ## are the C*-algebras associated with the groupoids &, and
ZB | respectively. If either a or B is irrational, then C*(¥) is not of type I. We
will see in just a moment that the same conclusion holds for the C*-subalgebras
¥ (w) and C*(Tz). First observe that an easy manipulation with weights
shows that the diagonal positive operators D, and D, ; (i.e., the absolute
values of the operators 7z, and TZ;) are bounded below, v € Ta, g0 1)<
n . This readily implies that 7 (w) = C*(&) ~ C*(Ty).

Definition 2.12. Given Q C C2, let C be the (open) convex set C = Log(Q,),
and let F(C) be the set of all open faces in §C . Here, we include in F(C)
a possible F that is a virtual face of C, i.e., F is tangent to 8C at oo (see
[19, §3]). We let Z, be the set of pairs (F, z) where F € F(C) and z is
an element of the affine space [F] generated by F, which is an appropriate
translate of the projection of I'g onto Rut if F = F, is one-dimensional, and
z=0. If F is zero-dimensional (i.e., an extreme point), let g: 8Y, — Z, be
the surjective map defined by q(u, y) = (F,, cu+(y, ut)ut), where F, is the
face in 0C determined by u (as an exterior normal), and ¢ = sup,cc(u, X).

Proposition 2.13. The maps q and © define the same level sets on 0Y, . Let %
be the map induced by © on Z, . Then the space Z. (with the quotient topology
induced from 0Y.) is compact and Hausdorff, and the map t: Z, — 0X, isa
covariant homeomorphism. Furthermore, if either F = F, is an extreme point
P of C =Log(Q;) (so that z = 0), or if Fy is one-dimensional but |z| = oo
(so that (F, z) also corresponds to an extreme point P of C), then

(2(F, 2))(Tr, wy) = Exp((v, P))
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for every u € Z2. On the other hand, if F, is one-dimensional and |z| < o,
thenfor velq, peZ?, (z+1+u+v,ut)#0, and (z+u,u") in the
closure of the projection of Tq onto Rut , % is given by
fF 82(z+l+;l+u,u"‘)x de(x)
fF eZ(z+l+,u,uJ-)x de(x)
(z+1+u, u.L) e2(z+l+/1+u,uJ‘)(u"',P+) _ eZ(z+l+u+u,uJ')(uJ‘,P_)
Tzl utv,ut) eXertru uh)ul Py _ g2z+lea,ut)(ut Po)

[(#(F, 2))(Tryw,)* =

where dmp is the (linear) Lebesgue measure on F = F,, and P, and P_ are
the extremes points of F, .

Proof. The fact that ¥ is constant on the level sets of g follows immediately
from the definition of Z, and formula (18) of the proof of Lemma 2.9. Since
¥ = o q, the continuity of 7 is a consequence of the continuity of ¢ and
%. Thus, in order to complete the proof, it clearly suffices to show that %
is bijective and covariant. But, the fact that 7 is injective follows from a
periodicity argument very similar to the one given in the proof of [19, Lemma
3.6]. Since 7 is surjective, by Lemma 2.9, % is also surjective. Finally, since %

and ¢ are obviously covariant, it follows that 7 is covariant. O

Theorem 2.14. Let & be the groupoid constructed from the reduction of X x Z?
to X, as above. Further, let ¥ be the commutator ideal in C*(Z). Then
F CF,
Cc*(¥)
4

c(&)
S

~ C(Extreme(Q)), § ~PC(F),
F

~ C*(Zox,)

where the above direct sum runs over all the one-dimensional faces F €
F (Log(Q,)) and Extreme(Q) is the closure of Q of the subset of Q whose
positive part is the image under the exponential map of the set of extreme points
of Log(Q,), and C*(F) is the groupoid C*-algebra defined as follows. Let
u=(uy,up) €T such that F = F,, and let ut = (—uy, u,). Also, let ¥ be
the closure in R of

(Z%, ut) = {~viuy + vauy v = (v, 1) € 2%},
and let ¥ x Z? be the transformation group induced by the action (y, m, n) —
y + nuy — muy. Then C*(F) is the C*-algebra of the groupoid obtained by
reducing % xZ? to the closure of the projection of T'q onto ¥ i.e, to (Tq, ut).
(Notice that this projection coincides with % unless that F is a virtual face.)

Proof. The proof uses Lemma 2.9, Proposition 2.13, and the same argument as
[19, Theorem 4.3]. O

The following theorem can be proved using the same techniques.

Theorem 2.15. Let Q be a (bounded) pseudoconvex Reinhardt domain in C",
and assume that 0 contains no analytic disk, i.e., 0Q = Extreme(QQ). Then
FZ  coincides with the commutator ideal ¥ of C*(1, Tz),and C*(1,Tz)/ F ~
C(09Q).

Remark 2.16. (a) Throughout the rest of this section, Q will be a (bounded)
pseudoconvex Reinhardt domain in C” (where n is arbitrary), and we let u be
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a Reinhardt regular Borel positive finite measure on Q,i.e., 4 = Ax 0, where A
is a regular Borel positive finite measure whose support is contained in Q, , and
6 is the standard normalized Haar measure on TV . Also, let B*(Q, u) and
H?(Q, u) be the subspace of holomorphic functions on Q which are in L2(u)
and the closure in L%(u) of H>(Q), respectively. When u is the volume
Lebesgue measure on Q, there is little difference between the spectral and C*-
algebraic properties of Tz acting on either B%(Q, u) or H*(Q, u). As in
the case of the Lebesgue measure, a standard basis for H%(Q, x) on which
{T%:v eT'q} can be expressed as a weighted shift is given by

e,(z)=z"/|12", velg.

If Q satisfies condition (%) (see Lemma 2.2), then the C*-algebras generated by
the canonical n-tuples 77 acting on both spaces are x-isomorphic. However,
when u is allowed to have holomorphic functions in B2(Q, u) which have
arbitrary growth near some points of 9Q, then the corresponding weighted
Wiener-Hopf C*-algebras might be quite different. For example, let x4 be the
measure on the Hartogs wedge Q =Q, g, 0<a < f,givenby u =4, ) x0,
where d(; 1) is the Dirac measure at (1, 1). Since Z” is holomorphic on Q
and belongs to L2(u), for every v € Z?, it follows that B2(Q, u) = L(u) =
L?(T?), and the corresponding Wiener-Hopf C*-algebra is unitarily equiva-
lent to C(T?). On the other hand, H?(Q, u) is the space of holomorphic
functions with Fourier coefficients supported on I'q ,» and the correspond-
ing Wiener-Hopf C*-algebra is the standard (unweighted) Wiener-Hopf C*-
algebra on T'g, , (see for example [13]). Thus, in considering the general case
of Reinhardt measures # on Q, in order to take into account the geometry of
0, we can either impose some restrictions on u including the condition that
0Q C supp(u) or we can study Tz only on H3(Q, u). This latter alternative
choice is what we shall make in the sequel.

(b) As in the case when u is the Lebesgue measure on Q, it follows that the
Toeplitz C*-algebra C*({T": v € I'q}), acting on H?(Q, u), is *-isomorphic
to the Wiener-Hopf C*-algebra % (I', w) acting on />(I", w), where ' =T,
w(v) =||z"|2,4, v €T, and (T, w) is the Hilbert space of square-summable
sequences with weight function @ supported on I'. Further, under some rea-
sonable hypotheses on u, there is a natural groupoid () associated with
(', w) that can be parameterized in terms of dQ, just as we saw previously in
the case when u is the volume Lebesgue measure and n = 2. Also, we shall
see that Z C Z'(I', w), and Z(I', w)/ % is x-isomorphic to a canonical
subalgebra of C;,(¥(Q)) = C*(¥(Q)) and a natural decomposition series of
this latter algebra can be computed using such a parameterization.

The following theorem gives a more explicit relation between weighted Wiener-
Hopf operatorsin Z°(I', w), and Toeplitz operators in C*({T?: v € I'}) acting
on H?(Q, u). This result can be considered as a generalization of the classical
Berger’s Theorem on subnormal weighted shifts. Notice that the forward shifts
in the statement of part (a) are not forward shift in the conventional sense, but
rather they are forward shift in the direction of the cone I'.

Theorem 2.17. Let I’ C Z" be a pointed positive cone of Z" containing 7" .
Also, let w: T — R, be a quasidecreasing strictly positive function, i.e.,
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w(p+v)
{(u) = sup ———=
W) =S~ o0)
Then the following statements are equivalent
(a) There exists a commutative normal semigroup extension of the semigroup
W,: v €T of unweighted “forward” shifts, in £ (I*(T, w)), ie., this is
a subnormal semigroup.

(b) There exists a regular Borel positive finite measure A with compact sup-
port in R such that, for every v € T, we have

<oo, VueTl.

12
o) =[R2, = [ [y er)] L) = IR .

Proof. In order to prove that (b) implies (a), let A be as in (b), and observe
that R” isin L>*°(Q,) for every v € I', where

Q. = Exp{conv[—f’ U Log(supp(4))1} .
Let x4 be the measure induced by 4 on
Q={(tir, ... taln): (n, ..., W)€y, |tj|=1, 1 <j<n}.

From the condition satisfied by A in (b), we see that the operators W, =
Tz :v €T, actingon H?(Q, u), are bounded, and hence W,: v €T is a com-
mutative subnormal semigroup of “forward weighted” shifts, and (a) follows.
Conversely, assume that (a) holds, i.e., suppose that 7,: v € I' is a commuting
normal representation on a Hilbert space # of I' such that Ty = 15 and
such that W, is the restriction of T, to /*(I', w), Vv € I'. In particular, the
n-tuple, denoted by s, whose jth component is W;; is subnormal with normal
extension t= (Tjij, ..., Tjs) (here, [j] denotes the multi-index with 1 in the
Jjth slot and zero in the other slots). We claim that the commutant {s}’ of s
is abelian. Indeed, we first determine the commutant & of {W,:v € I'}. To
thisend, let T € €, and let Tfy = Y .rGafo, Where f, is the unit mass at
a €Tl and {a,} € (T, w). Then, Vv € I', we have

TS =TW, fo=W,Th=W,)  asfa
o€l

= Zaaﬂ,+y = Zaa%ﬁ/'

a€l a€l

We must impose further restrictions to {a,}, by asking that for every x =
Y gerbpfp in I*(T, w), the representation

Tx = EaaWa Z bﬂfﬁ = Z aabﬂfz‘:ﬁﬁ s

a€l per a, BET , a+pel’

be valid. In any case, since W, € {s}’, Vv €T, it follows that {s}’ is abelian,
establishing our claim. As an immediate consequence we see that the vector
fo is cyclic for {s}” (= {s}'). We can assume, without loss of generality,
that 7,: v € T’ is minimal in the sense that ¢, is cyclic for the x-algebra
generated by {7,:v € I'} on #. In view of the above remark, {T,:v €
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I'} C {t}”", and hence ¢, is cyclic for {t}" (= {t}’) on # . The positive linear
functional on C(a(t)) defined by g — (g(t)ey, ) induces a regular Borel
positive finite measure x4 with compact support in C” , namely supp(u) = a(t).
The map g — g(t) extends to a *-isomorphism from L*(u) onto {t}'. This
isomorphism is implemented by the unitary transformation V: L?(u) — #
defined on the dense subset C(a(t)) by g — g(t)fo. It easily follows that
V{t}V* = L*(u), and that Vt'V* is the operator multiplication by Z” on
L?(u). In particular, Z¥ € L*(u), Vv € I'. Since s is unitarily equivalent
to &s = (&M, ..., EaWmy) for every £ in the nth torus T", we deduce that
supp(u) is also invariant under the action of T”, i.e., u is a Reinhardt measure.
Thus, we can write u as u = A x 8, where A is a regular Borel positive finite
measure with compact support in R% , and 6 is the normalized Haar measure
on T". Therefore, this forces R, € L>°(4), for every v € I'. We also have

(@)W LI = T foll* = 1127 = /(r”)zdfl(r)-

Since ||W,| = {(v), and obviously {(v) < ||R"|lec.2 = |Tz-|| = |W, ||, for every
v € I', the proof of the theorem is complete. O

Remark 2.18. (a) If the weight function w is actually decreasing, i.e., {(v) =1,
Vv € I', then, from the previous proof, we see that supp(4) C T.In any case,
the operator W, is unitarily equivalent to the Toeplitz operator 7. , acting on
H?*(Q, u), where Log(,) i/s\the interior of the convex hull of the union of
Log(supp(4)) and the cone —(I).

(b) In view of Theorem 2.17, we now define first the Wiener-Hopf C*-algebra
on a pointed cone I' D Z} (i.e., I'n —-I" = {0}) with a quasidecreasing weight
function w supported on I', as the C*-algebra generated by the unweighted
convolution operators W;g = ¢ x g, for ¢ € ['({), and g € (T, w) (see
the remarks following Lemma 2.3). This is then x-isomorphic to the Toeplitz
C*-algebra generated by {7z.: v € I'} acting on H*(Q, u), where Q and u
are obtained from I" and w, according to part (a) of the above remark.

(c) Given a Reinhardt regular Borel positive finite measure u and a pseu-
doconvex domain Q such that supp(u) C Q C C”, let A be the positive part
in the polar decomposition of u, i.e., u = A x 6, where supp(1) C Q.. Also,
for each v € I'q (see (2)) let dm;(v) be the regular Borel probability measure
defined by
_ P dA(r)
~ Jlr2dan
We will impose the condition on x that the map dm; from I'q to the space
P(Q,) of regular Borel probability measures on Q. (which is w*-compact)
can be extended continuously to the closure of I'q in an appropriate regular
compactification of R”. This is the natural generalization of the compactifica-
tion of R? introduced earlier. We shall further ask that such a measure-valued
map can be factored through a compact space defined in terms of Q. These
assumptions will allow us to produce the parameterized groupoid needed to
study the Toeplitz C*-algebra of part (b) of the present remark.

(19) dm;(v)

Definition 2.19. Let Y be the set of all triples (P, y, %), where P is the
orthogonal projection onto a subspace of R*, y € Ran(P), and & is an
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ordered orthonormal basis for Ran(P)L . Given x € R”, and an orthonormal
set & = (uy, ..., Un), Wesay that x isinan e-neighborhood of & at infinity,
and we write x € N2°(&), when the following holds:

X

llx|l > 1/¢e u - —| <e

’ Ixf) =™
X — (X, ul)ul

lx — (x, udugl| > 1/e, ||lup - <o, ...
’ e = (x, wnl
ol m—1

X — i x, Uiu;

X-Z<x,uj>uj > 1/e, Up — %1;1 (X, uj)u; <e
= 2= s wjdul

The topology of Y is generated by the &-neighborhoods of points (P, y, &)
of the form

{(Q,z,%):lly-Pzll<e, ||P-QP| <¢,
m = dim(Q) — dim(P), & = (%', Z"), Card(Z') =m,
(1-P)ze N*(Z#'), |€-FB"|| <¢e}.
The space Y will be called the flag compactification of R”. Given Q and u

as in part (c) of the last remark, we let Y, be the closure of I'q in Y. We
henceforth shall consider the condition

(*+) the map dm;:Tq — P(Q,) of part (c) of the last remark can be
extended to a continuous map dm,: Y, — 2 (Q,).

As in the case Q C C2, and let & be the abelian C*-subalgebra of /*°(Z")
generated by Tr, w, , where w, is given by

NZ¥4 .4
1Z#2,0

wy,(u) =0, u¢Tlq.

Let X be the maximal ideal space of &/ . Let 7, X, , and & be defined as in
Definition 2.6, where we substitute C> by C" and dm by dm; . Notice that
in the definition of & = (X x Z")x, , we can let X be the space generated by
the Z"-orbits of X, .

Theorem 2.20. Assume that (xx) is satisfied. Then the map 1:Tq — X, is in-
Jective and has a (unique) continuous surjective covariant extension t: Y, — X, .
Furthermore, C*(%) is *-isomorphic to the C*-algebra on 1*(Tq) generated by
{(U,, D,): v eTq}, as in Remark 2.10. Also, % C C*(¥), and

C(8) T = C*(Gx,)

wV(.u)z #EFQ’

where 0X, = X:\1(T'g) .

Proof. Let (P,y,#)eY,. Forvelqg, ueZ",and y+ Pue P(I'g), we
have:

(3P, y, B))(Tr,w,)] = / P (dmy(P, y + P, B))r).

It is easy to see that ¥ is continuous (because of (xx)). Also, ¥ = 7 is injective
on I'q. Indeed, assume that 7(x) = 7(1) for some i, ¥ € 'q. This means that
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if we let

pte, o v) = [ P(dmy(1, wt i, @),
v,kelg, ueZ', k+pupelg, pk,u,v)=0, k+u¢lq,
then we have that p(x, u, v) = p(1, u, v). We deduce that
K+m(xk—1)€Tlg, 1+m(i—xkx)elq
for m large enough. But, then
k —1eT,n-T, = {0},

as desired. An argument similar to the one given in Lemma 2.9 proves that %
is covariant and surjective. The rest of the statements are clear. O

Definition 2.21. Let Q be a normalized pseudoconvex Reinhardt domain, and
let I'g={veZ":Z"e H*(Q)}. Let F(Q) be the set of all closed faces
in the boundary of the closed solid convex set Log(Q,) (here, virtual faces
are also included in & (Q), see [19, §3]). As before, we let Y be the flag
compactification of R”, and we let Y, be the closureof I'q in Y. Let Y, =
Y, \I'q, and let Y(Q) be the set of all triples (P,y + Pv, %) in Y such
that (P,y, #) € dY, and v € Z". We also let Z(Q) be the set of all pairs
(F, z), where F € #(Q), and z € PipjZ" + Pir)lq. Hereafter, Pr) denotes
the (orthogonal) projection onto the linear manifold [F] generated by F. We
shall next define a map ¢: Y(Q) — Z(Q). Let (P,y+ Pryv, %) € Y(Q),
so that (P,y,#) € dY, and v € Z". Let & = (uy, ..., Uy) denote the
corresponding orthonormal basis for Ran(P)1. We associate to Z a flag of
faces in & (Q) inductively as follows:

Fi = {y € Log(Q:): (y,u1)= sup (x, un)} .
x€Log(Q4)

Having defined Fj, 1 < j < m, define

Fj = {y € Fj: (y, uj1) = sup(x, uj+l)} :
X€EF;
(Notice that [F,,] is a translate of Ran(P).) We then define q(P, y+Pv, F) =
(Fm » PF,(y +v)). We provide Z(Q) with the quotient topology (note that g
is surjective). We denote additively the natural action of Z" on Y(Q) and
Z(Q). Let Z, =q(0Y,).

Lemma 2.22. The map q: Y (Q) — Z(Q) is covariant and induces a groupoid
C*-algebra monomorphism

4.2 C* (Y () x Z")joy, ] = C*UZ(Q) x Z%) 2,].

Proof. We first observe that the closure of —m in Y\R”" coincides with
To\R". Since g is obviously surjective (as observed above) and commutes with
the action of Z”", it induces an injective *-homomorphism at the C*-algebra
level. Further, since ¢~!(Z,) = dY,, g induces a *-monomorphism between
the corresponding reduced groupoid C*-algebras. O
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Definition 2.23. Given a Reinhardt regular Borel positive finite measure x4 sup-
ported in the closure of a bounded pseudoconvex Reinhardt domain Q, as
above, we say that u is well behaved if condition (*x) holds, and the following
condition is satisfied:

The map d?r%: 0Y, — P(0Q) factors through Z+* to a con-
(*xx)  tinuous map dm;: Z, — P (0Q), via the map q: oY, — Z,,

so that supp(dm;(F, z)) C Exp(F), for every (F, z)e Z, .

Theorem 2.24. Let Q, u be as above, and assume that u is wwved and
that Q is normalized and satisfies condition (x), i.e, Z" N —Log(Q;) =Tgq.
Then, via q, % induces a covariant homeomorphism t: Z(Q) — 90X, where
0X = X\1(Z"), so that C*(0X x Z") is x-isomorphic to C*(Z(Q) xZ"): In
fact, the map © is given by

(#(F, 2))(Tr,w,) = / P (dmy(F , 2+ P)(r).

velg, z+ Ppu € Ppylg,
(H(F, 2))(Try,w,) =0, velq, z+PBpuclF\Pla.

Furthermore, © maps homeomorphically and covariantly Z, onto 0X,, so
that C*(Z)|Z ~ C*(Z(Q)), where Z(Q) is the groupoid defined by Z(Q) =
(Z(Q) xZ")\z, .

Proof. The proof that % is surjective is similar to that of Lemma 2.9. Indeed,
let x € 8X . Then there exists {v} CI'q and u € Z" such that t(u+v) — x.
Without loss of generality, we can assume that ||vy|| — oco. Thus, we can drop
to a subsequence, and suppose that v, — (P,y, %) € dY,. Let(F, z) =
q(P,y,#F). It follows that

x=limt(u+v) =P, y+Pu, Z)=%F, z+ Pru).

(20)

In order to prove injectivity, let (F, z), (G, w) € Z(Q), such that (F, z) =
#(G,w). We claim that F = G. Since Q satisfies condition (*), and

d/r;,l(F, z) — dmy(G, w) is orthogonal to R?, Vv € g, we deduce that
dm' = dmy(F, z) = dm;(G, w). By condition (x*x), supp(dm’) C FNG.
Foreach v eT'g,let f,: Z" — R, and g,: Z" — R, , be defined by

fo(p) = /rzy(dmz(F, z+ Ppu))(r), z+ Ppin € Pela,
fu(w) =0, z+ Ppju ¢ Pela,
&) = [ P(dmy(G.w+ Bou)().  w+Pay € Rala,

&u)=0, w+PAgu¢Agla

Our assumption that #(F, z) = #(G, w) is equivalentto f, = g,, Vv €I'q.
In particular, for every v € I'q, we have

-z 4+ })[F]FQ = Supp(ﬁ/) =supp(g,) = -~w + P[G]FQ :

This implies that F = G, as desired. Let {v,}, {ux} be sequences in Z" such
that Py — (F, z) and Ppju — (F, w). By continuity, we then have:
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HF, z+(z-w)) = im¥(F, z+ Bry(vk — ))
= limi(F, w + Br)(vk — )
=t(F,w+(z-w))=1(F, z).
Therefore, we also have T(F, z + m(z — w)) = 7(F, z), for every m € Z,.
If z—w # 0, we can find a strictly increasing sequence {m;} C Z, such
that (F, z+ my(z - w)) —» (H,y) € Z,, so that dim(H) < dim(F). Taking
limits again, we see that 7(F, z) = #(H, y). Reasoning as above, we then have
F = H which is impossible. Therefore, we proved that 7 is injective. The rest
of the statements are clear. O

Remark 2.25. (a) The simplest candidate for a well behaved Reinhardt measure
4 =Ax0 onadomain Q that satisfies condition (x) is obtained by letting 4 be
the Dirac mass at 1 € Q, , where Log(Q2,) = -I" and I" C Z" is a pointed cone
containing Z' . Following [12], we say that a closed solid convex set C C R”
is tamed, if the map y: [0, 1] x C x C defined by y(4, x,y)=Ax+ (1 - A1)y,
A€[0,1], x,y e C isopen. This is equivalent to the following condition: if
z=Ax+(1-4)yeC,and A€[0, 1], x,y e C,and {z,} is asequence in C
that tends to z, then there exists ky € Z, such that for every k > kg there are
A €10, 1], xx, yx € C with z; = A, x; + (1 — A¢)y, and such that A, — 4,
Yk — ¥, Xx — x . From the results of §§4, 5, and 6 of [12], it follows that if Q
and u are as in the present remark, and if Log(2;) is tamed, then u is well
behaved.

(b) Other good candidates for a well-behaved measure are obtained by letting
U be either the volume Lebesgue measure on Q or the surface Lebesgue measure
on 9Q (this is the significance of the results in [22]). It is not hard to prove
that if & (Q)\FA(Q) is finite then u is well behaved (we point out that these
kind of domains are tamed). As observed in [12], closed solid convex subsets
in R? are always tame, so if Q is a normalized Reinhardt domain in C2, then
Log(Q,) is tamed; the results of §2 show precisely that the Lebesgue measure
on  is well behaved. In [20], more general examples of well-behaved measures
are presented.

(c) From Theorem 2.24, we see that the study of C*(T) actingon H%*(Q, u),
where u is well behaved supported on Q, and Q is a (bounded) normalized
pseudoconvex Reinhardt domain satisfying condition (x), is reduced to the
study of C*(Z(Q)), which is a purely geometrical object. Letting £, (Q) be the
groupoid obtained by reducing £(Q) to F#(Q), 0 < k < n, it is easy to see
that C*(£(Q)) has a decomposition series of length n, where the quotient of
the kth ideal by the k — Ith ideal is *-isomorphic to C*(Z,(R2)). On the other
hand, C*(%;(Q)) can be analyzed in terms of foliation C*-algebras associated
with the open kth dimensional faces of 0 Log(£2,), just as in the case n = 2
discussed above.

(d) Using parts (a) and (b) above, we can give a rather elegant positive so-
lution of the index problem presented in [13] for the general case of the (un-
weighted) Wiener-Hopf C*-algebra over a pointed polyhedral cone I', such that
ZY CT CZV . Indeed, let Q be the (pseudoconvex) Reinhardt domain defined

by the condition Log(Q,) = -T. Then, by [19, Theorem 1.3], given any point
w € Q, the n-tuple 77 — w is Fredholm and has index (- U/".Enis is equiv-

alent to the assertion that the 2"~! x 2"~! operator matrix 7z — w associated
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W 7 — w according to [2] has the same index. For example, for n = 2,
Tz —w is the 2 x 2 matrix

< Tzl—wl Tzz—wz )

_(T22 ""?.UZ)* (TZl —'U)[)* ’

Since C*(T7z) is unitarily equivalent to a subalgebra of 7' (I', w), where w is
the weight function induced by the Lebesgue measure on €2, and the weighted

and unweighted Wiener-Hopf C*-algebras are *-isomorphic (by (B)), the K-
theoretical index problem posed in [13] has an affirmative answer in this case.

3. TUBE DOMAINS

We shall first introduce the notion of weighted Wiener-Hopf operators as-
sociated to a pointed solid cone I' C R” and a quasidecreasing function
supported on I'. We shall base our definition on the model found in the previ-
ous section where the group in question was Z".

Definition 3.1. A closed convex cone I' C R” is called solid if (V) =
Borel measurable function w: R” — R, is called quasidecreasing (with respect
to I) if w is supported on T, it is strictly positive on I" and

oy w(s+1)
)= s =0

<oo, VseTl.

Let

{(s) =max({'(s), 1), sel, {(s)=0, s¢T.
(Observe that w is decreasing if and only if { = xr.) We let L%, w) be
the space of all those measurable functions g supported on I', and such that
[1g()Pw*(t)dn(t) < co, where n is the Lebesgue measure on R”. Given
¢ € LY(T", {), we define the Wiener-Hopf operator W with symbol ¢ by

(We8)(1) = (6% 8)(1).

Remark 3.2. (a) Just as we saw in the preceding section, L!(T, {) (Wthh is
defined in the obvious manner) is a commutative Banach algebra, and the in-
clusion LY(T", {) — LY(T', xr) (= LYT")) is norm decreasing. From the fact
that w is quasidecreasing, it easily follows that W, is a bounded operator on
L*(T', w) such that |W,|| < |¢ll;,;. We denote by #'(I', w) the C*-algebra
generated by W, with ¢ running in LY(T, {).

(b) Let L%(I') be the subspace of L%*(R", n) of those functions supported
in T'. Let U: L*(T, w) — L*I') be the unitary transformation defined by
Ug = wg. Given ¢ € L\(T', {), we then have

5)

(UWaU)8)0 = [ #(6) 2B ).

Thus, Z'(I', w) is unitarily equivalent to the C*-algebra generated by integral
operators whose kernels are functions of the form

,teR".
o) €

(c) As in the case of Z", there is a natural way of producing pairs (I', w) of
the above kind (see below). But first we need to deal with the title of the present
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section. We recall that Q C C” is called a tube domain if it is a domain of the
form Q = {z € C": Re(z) € C}, where C C R". By [7], Q is pseudoconvex
if and only if C = Re(QQ) is convex. The image of a tube domain Q under
the exponential map Exp(Q) is a Reinhardt domain. Of course, Exp(Q) is
pseudoconvex if and only if Q is pseudoconvex.

Definition 3.3. Let Q be a tube domain such that Exp(—) is bounded. A tube
measure x4 on £ is a measure of the form u = A x n, where n is the Lebesgue
measure on iR", and A is a regular Borel positive finite measure supported
on Re(Q). Let H>(Q, u) be the closure in L*(Q, u) of H®(Q)NL*(Q, u).
Let I' C R" be the (convex) cone {x € R": Exp(—(x, .)) € L>*(Q)} and let
w: R" — R, be defined by

w2(1)=/e‘2(”’)dl(s), teT, w(t)=0, 1¢T,

so that supp(w) CT'.

Notice that we can substitute Re(£2) in the above definition by
conv(Re(Q) UT).

The following lemma establishes the connection between Toeplitz operators on
H?(Q, p) and Wiener-Hopf operators on L%(I", w). It is somewhat standard,
but since we could not find it in its present form within the existing literature,
we include it here for completeness.

Lemma 3.4. The Laplace transform L defines an isometry from L*(I', w) into
L*(Q, u) whose range is H*(Q, u) i.e., the closure of L*(Q, u) N H®(Q).
Furthermore, L € H*(Q), V¢ € L\(T', (), and LW,L* = Ty,, where T,
denotes the Toeplitz operator with symbol y € L*(Q) on H*(Q, u).

Proof. Since C.(I') is dense in L*(I", ), in order to prove that L is isometric
it is enough to check it for g € C,(I'). Note that Lg € H*(Q), so that
Ran(L) C H%(Q, u). Given fe LI(T, {), x € Re(Q), let f;(t) = e~ X0 f(1).
Also, let f denote the Fourier transform of f. Using Parseval’s identity, we
have

ILgl* = [ &) du(x, y) = |gx(1)* dn(t) ) dA(x)
Q R R"

e(Q)

- [letor? l / =250 dA(x)l dn(t)
r Re(Q)

- /r 180203 (1) dn(t) = 1215 o
By [8, Theorem 7.4.3], Ran(L) = HX(Q, u). If ¢ € L'(T, {), then

(Le)(x + i) < /r I6(t)le 0 dn(1)
<ol Vix+iy)eQ. O

Remark 3.5. It is natural to ask under what conditions, given a (quasidecreasing)
weight function w: I' — R, , there exists a regular Borel positive finite measure
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A such that, for some x € R”, we have
(24) w*(t) = / e L) dA(s), tel.
x+TI

There are various necessary conditions for the validity of (24). First, observe
that if (24) holds, then, Vz € [0, 1]" NI, we have

(25) WXt +v) = / e M gis), W eZ'nT.
x+T
Also, notice that we already know a criterion for the existence of a measure A
that satisfies (25) for ¢+ = 0, when I' O R} . In fact, by Theorem 2.17, such
a measure A exists if and only if {w(v), v € TUZ"} gives rise to a weighted
[2-space [*(w) on which the semigroup W, : v € I' of forward (unweighted)
shifts is subnormal. Furthermore, such a A is uniquely determined. Thus, to
answer the above question we may use Theorem 2.17, together with formula
(25) for t € (0, 1)" NnI". Another criterion for the existence of A is obtained
by employing the fact that @ must be extendable to a holomorphic function on
the tube domain {z € C": Re(z) € x +I'°}, and then use [8, Theorem 7.4.2].

Definition 3.6. Throughout the rest of this section, we shall assume that y =
A x n is a tube measure according to Definition 3.3, and that I" and w are
defined as in Definition 3.3. We shall also suppose that Q is pseudoconvex.
Notice that the condition “Exp(—Q) bounded” implies that

I'= U x + Re(Q).
x€R"

Just as in the previous section and in view of (23), we let &/ be the (abelian)
C*-subalgebra of L>°(R") generated by translates of functions of the form

(26) frolt) = /r $s)w(t—s)dn(s), 1€R", rel,

where

_ o(r)xr(s)

wy(s) = o) seR", rerl.

Observe that the functions f; , are supported on I". Also, we let X be the
maximal ideal space of &/ , and we let 7: R” — X, be given by

[r(ONTru fr,6) = (Tru fr,4)(2)

= /rd)(s) w(gérit:_us_) S) dan(s), t,ueR", rerl.

It follows that R” acts continuously on X . We let X, = 7(I'), and we let &
be the groupoid (X x R");x, . We conjecture C*(¥) (= C4(¥)) is of type L.

4. REINHARDT-TUBE DOMAINS

The above discussion leads naturally to the following more general definition
(we point out the unimodularity assumption is not essential and it is introduced
here in order to avoid notational complications).
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Definition 4.1. Let G be a second countable unimodular locally compact Haus-
dorff group, and let I" be a pointed solid cone of G (i.e., a normal subsemigroup
such that (I0) =T, I'nI-! = {e} where e is the identity of G, and such
that I' generates G). Let w: G — R, be a quasidecreasing Borel function

supported on I, i.e., w is strictly positive on I', and

Har(s)

'(s) = su @(D)xr(s) < o0

e e )

Also, let A be a fixed left Haar measure on G, andlet LY(T", {) = L'(G, {dA4),
where { = max({’, xr). Given ¢ € L(T, (), let W, be the Wiener-Hopf

operator on L?(I', w) = L*(G, w?d4) with symbol ¢, namely

(Ws8)(t) = (o + &)(1) = /¢(S)g(tS") di(s), teTl, gel(T,w).

The Wiener-Hopf C*-algebra 7#7'(I", w) is the C*-algebra generated by {W,:
e LT, 0)}.

Remark 4.2. (a) If w =1 we obtain the standard Wiener-Hopf C*-algebra on
I" first introduced in [11]. As it is customary by now, let X be the spectrum of
the abelian C*-subalgebra of L>°(G) generated by right translates of functions
of the form:

frolt) = (b2 w,)(0) = / B(s)w(1s™) dA(s),

peL\T,0), rel, tegG,
where w, is the bounded Borel function defined, for r € ", by

w(r)xr(rs™")

w(rs—1)
Then G acts on X via a natural map (x,?) — xt. Further, evaluation at
points of G yields a mapping 7: G — X whose range is dense in X . Let
X, =Ran(71), and let & be the groupoid

T=XxG);x,={(x,)eXxG:x€X;, xteX,},

i.e., ¥ is the reduction of the transformation group X xG to X, . Under mild
assumptions, we can sometimes identify %' (I', w) as a natural subalgebra of
C;a(%) . Also, a natural decomposition series of C%,(¥) can be computed in
terms of groupoid C*-algebras associated with the dual faces of T.

(b) As we have seen in the previous two sections, the general strategy to
parameterize £ is to assume that w is the Laplace transform of a regular
Borel positive finite measure A supported on a dual convex set C. One then
embeds I' in a suitable Hausdorff compactification Y of G and imposes the

condition that the map dm;: 1": P(C) induced by the normalized momenta

of A be extendable to a map dm; on the closure Y, of I" in Y. One then
defines a surjection ¢: 9Y, = Y,\I' - Z, where Z, is constructed employing

the boundary geometry of C. One then further requires that dm, factors out

through a continuous map dm;: Z, — dX; = X, \t(I'). These assumptions
allow one to prove that C,(¥) is x-isomorphic to the reduced C*-algebra
of a groupoid associated with Z, , which is a purely geometrical object. We
give another illustration of this strategy, by considering the dual of a connected

abelian locally compact Lie group, i.e., a group of the form G = R" x T™.

(27)

w,(s) = , seEG.
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Definition 4.3. We say that a domain Q C C™*" is a Reinhardt-tube domain if
it is the inverse image of a Reinhardt domain under the map Id x Exp defined
by

Id x Exp(z, w) = (z, Exp(w)), zeC"', weC™".

Remark 4.4. (a) It readily follows, from [7, Theorem 2.5.7], that a Reinhardt-
tube domain Q C C™*" is pseudoconvex if and only if

Log x Re(Q) = {(x, y) € R™*": (Exp(x), y) € Q}

is convex.

(b) Here is the simplest example of a nontrivial pseudoconvex Reinhardt-
tube domain. Let 0 < a < B < oo, and let Q = (Exp x Id)~!(Q,, ), where
Q, p is the generalized Hartogs wedge considered in §2. Alternatively,

Q={(z,w)eC% |z|* < |Exp(w)| < |z|#, |z| < 1}.

Let A be the point mass measure at (1, 0) € Q. We consider the Toeplitz C*-
algebra 7 (Q) generated by Tz and Tgxpw) . Using the techniques suggested
in Remark 4.2, it follows that .7 (Q) is of type L. In fact, if .# denotes the
commutator ideal of 7 (Q), then

X CF, T(Q)F ~C(TxR),
F|H ~(C(T®X))® (¥ ® Co(R)).

(c) Employing an analysis similar to that of the previous two sections, one
can introduce the notion of a Reinhardt-tube measure x4 on a pseudoconvex
Reinhardt-tube domain Q C C™*" . One then defines the cone I'q by

Iq={(k,s)€Z" xR": |Z¥||e®* ") e L*(Q)}

and considers the weight function @ supported on I'q and defined by
ok, = [125262:9) du(z, w), (k.)€ Ta.

One can then study the weighted Wiener-Hopf C*-algebra #Z (I'q, w) as was
done in the previous two sections, via the boundary geometry of Q. When
Log x Re(2) is a tamed convex set, one can produce examples of well behaved
Reinhardt-tube measures using, for instance, a suitable normalization of the
Lebesgue measure on Q. The resulting classification of 7' (I'q, w) generalizes
the results of [4, 11, 19].
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